Abstract-Radiofrequency Catheter Ablation (RFCA) is a procedure used to treat cardiac arrhythmias by burning at regions of the endocardial walls to prevent the abnormal electrical circuits causing the problem. Patients with Adult Congenital Heart Disease (ACHD) who have undergone surgical treatments suffer scarring within the heart that can lead to abnormal cardiac rhythms. However, poor intraoperative cardiac geometry recovery and incomplete Electrophysiological (EP) mapping due to limited available procedure time and complex anatomy have resulted in difficulty to detect the regions to ablate and hence relatively high recurrence rates. In this paper, we present a catheter path planning algorithm to optimise cardiac EP mapping. Firstly, the optimal mapping positions are determined by curvature and distance weighted Quadric Error Metric Simplification (QEMS) to maximally recover the cardiac chamber geometry and EP mapping. Secondly, an efficient path is designed that moves along a predetermined axis for a robotic catheter to pass through and collect EP data at these positions. Validation is performed on retrospectively collected CARTO data from ACHD patients.
I. INTRODUCTION
Worldwide, 1.35 million newborns are afflicted with Congenital Heart Disease (CHD) every year [1] . Many of them extend survival to adulthood by successful paediatric cardiac care; however, some survivors, now with Adult Congenital Heart Disease (ACHD) suffer from complications. Arrhythmias, such as atrial fibrillation or ventricular tachycardia, are one such complication that may cause dizziness, shortness of breath, stroke or cardiac arrest [2] . While many arrhythmias can be treated with medication, others require treatment by Radiofrequency Catheter Ablation (RFCA), which blocks the propagation of abnormal electrophysiological (EP) signals based on the analysis of electrocardiographs to eliminate cardiac arrhythmias.
In RFCA, interventional cardiologists manipulate mapping catheters along the endocardial walls to collect geometric and EP information, typically at a limited number of positions due to limited operation time. The interpolated electrocardiograph data from these intraoperative geometrical and EP information is used to determine the conduction pathways and hence ablation positions. Two commercially available mapping systems are the CARTO (Biosense Webster, Diamond Bar, CA, USA) and EnSite (St Jude Medical, St Paul, MN, USA). Currently, interventional cardiologists determine mapping positions based on experience, that is with significant disadvantages especially for ACHD patients 1 Xiao-Yun Zhou and Su-Lin Lee are with The Hamlyn Centre for Robotic Surgery, Imperial College London, London, UK {xiaoyun.zhou14, su-lin.lee}@imperial.ac.uk who present with complex anatomy. The procedure can also be time consuming and result in incomplete intraoperative geometrical meshes compared with preoperative Computerised Tomography (CT) or Magnetic Resonance (MR) ones ( Figure 1) ; the non-uniformity of these mappings results in less accurately interpolated electrocardiographs and hence can miss electrophysiologically important regions. While robotic catheter systems such as the Niobe (Stereotaxis, St Louis, MO, USA) and Sensei X (Hansen Medical, Mountain View, CA, USA), have been introduced to increase catheter stability and manoeuvrability through difficult anatomies [3] , neither optimal mapping positions or efficient path planning have been proposed. If preoperative geometry is available, i.e. obtained through preoperative CT/MR scans, these can be used to visually guide the intraoperative mapping. A first step would be the determination of where best to collect mapping points to recover cardiac geometry and uniformly collect EP data. A second step would be the creation of a path plan for the robotic catheter to pass through these positions.
Simplification can be used to reduce a dense mesh or point cloud to a much lower resolution whilst preserving geometry and methods available include clustering, interactive and particle simulated simplification. Clustering simplification separates point clouds or meshes into a number of subsets by region growing [4] , adapted K-mean clustering [5] , Gauss sphere clustering [6] , etc. Each cluster is represented by a representative sample such as its centroid. Clustering simplification is efficient but comes with high approximation error, especially in regions with high curvature, which is typical in the cardiac anatomy of patients with ACHD. Interactive simplification combines two vertices into one interactively until the target number is achieved but its main challenge is in the determination of the new point position. With Quadric Error Metric Simplification (QEMS) for minimal approximation error [7] models this as a vanishing queue and so on. Mesh saliency has been applied to determine the vanishing queue; recent work on scale-dependent mesh saliency based on Gaussian-weighted mean curvatures [8] and mesh saliency detection based on spectral processing of Laplacian matrix [9] has shown application to mesh simplification. Interactive simplification has low error with control of the distribution of points and preservation of details. Particle simulated simplification distributes points on the input randomly and updates new positions according to repulsion, including implicit function based simplification [10] and moving least square projection based one [11] . Particle simulated simplification is applicable to non-uniform inputs but is less suitable for application to RFCA due to the uniform distribution of vertices on preoperative CT/MR derived meshes. This simplification would be costly in terms of computation and the tuning of too many parameters.
Path planning is significant in the fields of manufacture and medicine, with input data in the forms of point clouds [12] or free-form surfaces [13] . The three common patterns are direction paralleled tool path realised by paralleled lines, contour paralleled one realised by paralleled circles and spiral paralleled one [12] . In engineering applications, path planning ignores the restricted catheter motion possible in ACHD cardiac chambers and rarely guarantees passing through certain positions.
For determining mapping positions in RFCA, highcurvature positions are important for recovery of cardiac geometry. The uniform distribution of mapping positions is also important for more accurate interpolated EP maps. In this paper, to determine the optimal mapping points, QEMS was used with curvature weighting, to preserve high-curvature positions, and distance weighting, for uniform distribution of points. To determine the catheter path through the optimal mapping points, a path along the endocardial muscle fibre direction was considered with conformal mapping to a unit sphere used to segment the geometry along this predefined axis. The proposed methods were based on preoperative CT/MR data and were validated on retrospectively collected CARTO data as well as demonstrated on a simulated case.
II. METHODS
Clinically, 100 to 200 mapping points are suggested for each endocardial region [14] ; 200 was chosen for this study. We first simplify pre-operative CT/MR meshes to 200 points by a modified QEMS and then plan a path that passes through those points along a pre-defined axis.
A. Mapping Positions
QEMS [4] was extended by adding the combined curvature and distance factor to weight the importance of an edge. For an edge, its importance factor is α = t * (Cur 1 +Cur 2 ) + (1 − t) * Dis,t ∈ (0, 1).
(1) t is the importance ratio of curvature, determined by practical requirements. t = 0 achieves total uniform distribution while t = 1 achieves total details preservation. Cur 1 ,Cur 2 are the curvature of the two vertices defining the edge. The curvature is calculated by using Algebraic Point Set Surface (APSS) in Meshlab [15] . Dis is the length of the edge. The importance of an edge increases with the value of α. For point cloud input with no connectivity information, the nearest 15 vertices of a vertex can be seen as connected by 'edges' [16] .
For the two vertices of least important edge indicated by low α, a new position is calculated with minimum approximation error by QEMS [7] . The error is defined by (v) =v T Qv.v is the new position. Q is the average Quadric Error (QE) of the two vertices. For a vertex v,
T represents the plane defined by ax + by + cz + d = 0. They are normalized as a 2 + b 2 + c 2 = 1. To solve the minimum of QE equals to solve 
Here q 11 , q 12 ... are elements of Q [7] . For point cloud input, a Gaussian filter with neighbour size 5 can be applied to update the curvature and vertex normal for new position. The proposed simplification is able to process either a point cloud or mesh as input. To indicate only mapping positions, simplification on the point cloud is faster and with almost the same performance as mesh simplification [4] . However, in this paper, simplification is performed on the mesh for later path planning.
B. Catheter Path Planning
To determine the optimal path, a number of constraints were taken into consideration, namely, the anatomy of each cardiac chamber and the manoeuvrability of the catheters when inserted into the heart. In the Right Ventricle (RV) and Left Ventricle (LV), the muscle fibres are aligned in particular directions (shown in Figure 2) ; it is more difficult for catheters to move across the muscle direction and such movement may damage the muscles. Considering also the available entry/exit positions of the catheters for each chamber and experience from an expert interventional cardiologist, the efficient paths for catheter-based electrophysiological mapping are then along axes defined in Table I (Figure 2 ). For path planning, the simplified mesh with 200 points was first mapped onto a unit sphere using conformal mapping [17] . Conformal mapping preserves the topology and angle of the mesh and thus path planning on the conformal mapping is consistent with that on the mesh.
The harmonic map ϕ, which is equivalent to conformal mapping for genus-0 surfaces, was calculated based on minimum harmonic energy by solving equation 3.
where k uv = cot α + cot β , α and β are the opposite angles of the edge. v k 1 , v k 2 , v k 3 are boundaries. The deformation of each triangle was calculated by the Beltrami Differential Factor [18] that represents the direction and magnitude of the distortion.
Here
are the coordinates of the six vertices of the two triangles.
This distortion is compensated for by the use of Linear Beltrami Solver [19] . The final equations through derivation are
Equations 6 and 7 are solved for the x and y coordinates, respectively. Stereographic projection is applied to convert vertices between 2D domains and unit spheres.
After mapping the mesh onto the unit sphere, we rotate the sphere to align the pre-defined axis with z axis. Firstly for vertex v(v x , v y , v z ), rotate them by
) and p 2 (p 2x , p 2y , p 2z ) are the start and end point of the pre-defined axis, respectively; these are manually defined on the mesh. Azi = atan2(p y , p x ), Ele = atan2(p z , 
Here Ang = atan2(p 1x , p 1y ), (p 1x , p 1y , p 1z ) are the coordinates of p 1 after rotation 8. p x , p y , p z are the coordinates of p after rotation 8.
After the alignment, the longitude value (0 − 2π) and latitude value (0 − π) were calculated of each transformed point. Thus p 1 → (0, 0), p 2 → (0, π). The points were then segmented along the longitude value into
Too small or too large a value of N leads to a path with a trajectory that frequently crosses the blood pool, which is difficult for a catheter to follow, especially for less flexible ones. To determine the final path, points in each interval were ranked according to increased latitude values in odd intervals and decreased latitude values in even intervals.
C. Data Collection
Retrospective CARTO data from arrhythmia patients with ACHD, totalling 29 cardiac chambers, was exported from the Royal Brompton Hospital (London). For each chamber, a preoperative mesh derived from contrast-enhanced CT or MRI. Table II lists the number of each cardiac chamber. Each preoperative cardiac chamber mesh was simplified to 200 points as suggested.
III. RESULTS
All calculations were performed with MATLAB 2015a on an Intel(R) Core(TM) i5-4200M CPU @2.50GHz 4.00 GB 64 bit Windows laptop.
Example simplification results from RV, RA, LA, LV are shown in Figure 3 . The simplification algorithm preserves the shape of the four cardiac chambers but with only 200 points used to define each. Many of the details, shown as sharp, angulated regions, were preserved. The mesh points were distributed almost uniformly on the surface. To quantify the quality of each simplified mesh, this was first subdivided with approximately 30 extra vertices per triangle. The distances between these interpolated vertices and the preoperative surface were calculated with CloudCompare (Chamfer distance, Octree) [20] . The distance of each point indicates the drifting during the simplification procedure and the difference between chamber volumes, which indicates the degree of geometry recovery. The top graph in Figure 4 illustrates the running time to remove one point during the simplification. It takes less than 0.15s to remove one point and as the average preoperative mesh contains approximately 8000 points, mesh simplification takes approximately 20mins. As this mesh simplification will be applied preoperatively for intraoperative path planning, there are no stringent requirements on speed.
The bottom graph in Figure 4 shows the mean error and standard deviation of the mesh point distances calculated across all 29 cardiac chambers. We can see that the mean distance is less than 0.4 mm and the standard differential is less than 2 mm. The stability of the mean error and standard deviation suggests that the proposed algorithm is robust for different meshes; the performance does not alter along meshes. The results of the proposed algorithm were compared to simplified meshes obtained using grid based clustering simplification, whereby the mesh was simplified using points collected uniformly on the geometry. Figure 5 shows the mean error and standard deviation calculated on all 29 meshes. We can see that the mean error of our algorithm is less than 0.2 mm while the mean error of the clustering simplification is less that 0.7 mm.
Example conformal mappings for RV, RA, LA and LV are shown in Figures 6 . The 3D meshes are mapped successfully onto unit spheres without overlap. The angles of each triangle face for one set of data are shown in Figure 7 . The top graph shows the angles of each triangle of the original mesh while the bottom graph shows the angles of each triangle of its conformal mapping to the unit sphere. The trend of these two angle distributions are consistent.
The statistics on the 29 meshes are shown in Table II . The mean angle error was less than 10 −19 radians. The average time which scales linearly with the number of points for computing the conformal mapping was less than 0.5s for all points solved. If programmed with the steepest decent algorithm [21] , mapping a mesh with 8000 vertices took over two hours.
As we maintain the topology of the meshes through conformal mapping, the path planning on conformal mappings is consistent with that on the meshes. Figure 8 shows the path planning on the conformal mapping of a simplified RV. The black line is the predefined axis. This path on the conformal mapping is designed with latitude interval 2π/9. We can see that the path along the endocardial surface moves in the direction of the defined axis. Figure 9 shows the proposed efficient catheter path on the simplified RV mesh on the left and, for comparison, shows the shortest path realised by Nearest Neighbours on the right. We can see that our path moves along the direction of muscles and electronic conduction while the shortest path moves across the direction, a difficult path to follow in vivo. To demonstrate that the proposed path planning is suitable for clinical use, we tested it at the Royal Brompton Hospital with manual catheter mapping which is less flexible than robotic catheters. An interventional cardiologist performed catheter mapping on a 3D printed ACHD heart (printed in Stratasys TangoBlack) in their catheter laboratory with CARTO 3. The set up is shown in Figure 10 .
In Figure 11 , the catheter mapping result of the LV is shown on the right while the original pre-operative CT scan is shown on the left. The interventional cardiologist was able to follow the proposed path with a manual catheter. Clinical feedback of the proposed path was positive, confirming the clinical relevance of the proposed path planning. 
IV. DISCUSSION AND CONCLUSIONS
The proposed algorithm optimises mapping positions for maximum geometric and EP recovery through both uniform distribution and preservation of details. The plan is created preoperatively from patient-specific meshes and the result is reduced time mapping intraoperatively. The incorporation of data from newer technologies, including late gadolinium enhanced MRI and balloon mapping catheters, will improve the mapping in the future. With preoperative EP simulations, electrocardiogram simplification can be applied to optimise mapping positions for both targeted electro-physiological recovery.
To conclude, we have presented a catheter path planning algorithm for efficient electrophysiological mapping of the cardiac chambers. The method starts with a mesh simplification of detailed patient-specific preoperative cardiac meshes before determining an efficient path on the mesh conformally mapped to a unit sphere. We have demonstrated its clinical applicability and validated the algorithm on retrospectively collected data from ACHD patients, thus highlighting its ability to recover even complex geometries. Our future work will focus on experiments using the proposed path planning with robotic catheters which have increased flexibility and manoeuvrability compared to manual catheterisation.
Code and further information can be found at our website http://hamlyn.doc.ic.ac.uk/cardiacEP.
